JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 29, No. 1, January—February 2006

Tractable Conflict Risk Accumulation in Quadratic Space
for Autonomous Vehicles

Thomas Jones™
University of Stellenbosch, Stellenbosch 7602, South Africa

Recent developments have shown that conflict avoidance may be cast as a probabilistic state-space problem. The
probabilistic accumulation of risk because of exposure to a hazard over a period of time is an essential and often
neglected and misunderstood aspect of the process of conflict risk calculation. How such risk accumulation may
be accurately approximated in real time is demonstrated. The research reverts to theoretical basics and illustrates
how risk accumulation for a one- and two-vehicle scenario is a first passage time problem. It is illustrated how exact
quadratic state-order reduction may be combined with simple and accurate first passage time approximations. In
this way, a tractable and accurate receding horizon solution is provided with the recognition of the time dependence
of risk accumulation. The solution algorithm is implemented as a relatively straight-forward four-step discrete-time
propagation and accumulation of risk. Small calculation errors are characterized to first order-second moment
and always lead to a slight upper-bound solution, thereby improving safety. Simulation results indicate a high

degree of risk calculation accuracy, calculable in real time.

Nomenclature
Dy, Dy = domains of failure and safety respectively
Ela] = expected value of random variable a
fx(x) = probability density function (PDF) of x
fxw@)|Bla, k—1] PDF of x at time #;, conflict free within
. [ta s k-1 ]
Frgo @) = PDFof fxu (x)|B[0, k — 1] with

x € Dy segment removed
segments of fx ) (x)|B[0, kK — 1], where
x €Dy and x ¢ Dy, repectively

At (X)), g8ty (X)

K = number of discrete-time steps

N(m, X) = normal distribution with mean m and
covariance X

P.(k)=P.(t) = total probability of conflict accumulated
over the interval [7y, #;]

y = quadratic conflict metric

y = conflict threshold

AE[a] = change in expected value of a

At = time step size

Ay, Ay, AT, AT short for Ary, Aty, AtT", and AT,

respectively

§(t) = Dirac delta function
¢r () = characteristic function of y
Va = first-order—second-moment error in

calculation of a

I. Introduction

OST uncrewed aerial vehicles (UAVs) and especially au-

tonomous UAVs are required to avoid commercial airspace,
unless the Federal Aviation Administration deems their detect and
avoid capabilities to be on par with piloted systems. Automated
conflict avoidance would assist in opening this door to commercial
airspace, especially for autonomous UAVs. This research builds to-
ward the creation of automated conflict avoidance and air traffic
management systems that could play the role of not only an alerting
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system, but also would automatically resolve intervehicle conflict
on par with piloted commercial aviation systems."? As a natural
first step, this paper focuses on conflict risk calculation.

Human operators add the complexity of unknown pilot intent to
the conflict avoidance equation. Conflict avoidance, by definition,
includes the capability to propagate vehicle state to predict future
intervehicle conflict. As such, uncertainty of pilot intent hampers the
accuracy of conflict detection.> Most autopilots are deterministic,
and models of their operation may be created with an accuracy
far exceeding that of human operator models. As such, autonomous
UAVs provide a unique opportunity for the creation of more accurate
and reliable conflict detection systems.

Last, there is a connection between the performance of a conflict
avoidance system and the occurrence of false alarms.? False alarms
lead to mistrust, thereby reducing a system’s effectiveness, in ac-
cordance with such principles as risk homogenization and negative
reinforcement.* Pilots tend to be less inclined to take action after is-
suance of false alerts, thereby increasing the risk of conflict during a
valid alert. Autonomous UAVs do not suffer from the same adverse
consequences, and false alarms are, therefore, less problematic.

Kuchar® showed that conflict alerting systems are but a part of
several safety components in complex vehicle systems, as shown in
Fig. 1.

Together, the environment, conflict detection, and conflict reso-
Iution form a conflict avoidance system. For autonomous vehicles,
such a system monitors the environment, predicts vehicle-relative
state, issues alerts, and plans and executes avoidance trajectories
(conflict resolution). This is different from traditional conflict avoid-
ance systems in which alerts are issued, but resolution is accom-
plished by a human.

Ownship and air traffic state must be monitored. As with most
alerting systems, it is assumed that the estimated state variables are
of a multivariate normal distribution.>® Trajectory intent is estab-
lished using models of the autopilot and trajectory planning sys-
tems of vehicles and also knowledge of flight plans and waypoints.
A closed-loop dynamic model of the vehicle must be known, and
when combined with pilot intent, one may propagate current state
estimates.

Alerting parameter(s), also known as conflict metrics, are em-
ployed to judge whether conflicts are likely. Probabilistic systems
typically calculate a probability of conflict, that is, a probability of
exceeding the safety thresholds of a conflict metric. The conflict
avoidance system may demand action when certain risk probability
thresholds are exceeded. Part of the focus of this paper is on defining
a conflict metric in such a way as to reduce the state order, and thus
complexity, of the conflict avoidance problem.
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Fig. 1 Block diagram of the Conflict detection and resolution process.

A. State-Space Representation
Kuchar®7 defines the time-dependent state vector
x(0) =[x (@), ..., x0]" (1
where 7 is the system order, each state variable x; () represents a
parameter that may in some way be employed by the alerting logic,
and x(t) eR".

In general, there are regions of, or subsets in, the state space R"
that are hazardous to the vehicle. In this development such a region
is referred to as a domain of failure, denoted by D,(t) CR", in
accordance with reliability theory.®

The dynamics, state, and relevant avoidance trajectories of a ve-
hicle require that an alert be issued reasonably far outside of D (t)
to ensure that a conflict does not occur. This space is defined as the
alert space D, (1), where D ¢(t) C D,(2).

B. Methods of Approach

Traditionally, conflict avoidance is solved through prediction of
conflict events by means of single-path and worst-case approaches.
Cited examples of these approaches are primarily taken from a sur-
vey paper by Kuchar and Yang.!

The single-path approach assumes that a vehicle follows a fixed
trajectory, often a straight line, and that conflict occurs when a safety
buffer around one vehicle is projected to intersect with D ¢ (¢). This
is a deterministic approach with a definite hit or miss result.>!°

The worst-case approach propagates a vehicle’s state trajectory
according to its maximum dynamic capabilities. An alert is issued
whenitis predicted that x () € D (¢) will occur within a time frame
of interest. It is most useful for short durations of conflict predic-
tion because trajectory deviations may be severe when projected at
maximal rates.!! 13

Most single-path and worst-case approaches may be implemented
in real time because this is partly the purpose of their creation. These
are tractable, approximate, deterministic solutions to a generally in-
tractable probabilistic problem. Such methods do, however, suffer
from inaccuracies brought on by approximation that manifest them-
selves as suboptimal false alarm and missed detection rates. Most of
these systems are applicable to very specialized conflict avoidance
problems and are highly sensitive to a vehicle’s control strategy and
dynamic model."?

The true probabilistic approach, as employed here, forms a mid-
dle ground between single-path and worst-case methods, but is usu-
ally avoided because of its computational intractability and because
ad-hoc approximate solutions are usually created.'>'* In this case,
likelihood of conflict, defined as the likelihood of x (1) € D (1), is
calculated within a given time horizon. Yang® views this as weighing
all possible trajectories with their probability of occurrence and then
summing the contributions of those crossing into D (¢). The prob-
ability of conflict accumulated over the interval [7y, ¢], as a function
of time, will be denoted by P,.(¢). In this way, the amount of conflict
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risk accumulated from the start to the end of the time horizon, that
is, within the interval t = [fo, t,], becomes P, (t;,).

Probabilistic approaches may be solved through various tech-
niques. In this paper, the creation of a tractable, deterministic algo-
rithm is detailed. Monte Carlo simulation may also be employed,
with apt approximations, as most recently documented by Yang
etal.l’

C. First Passage Time Problem

The first passage time (FPT) problem is used to describe particle
motion in physics.'® Physicists are interested in understanding the
motion of a molecule under the influence of uncorrelated interpar-
ticle collisions. The collisions are usually modeled as transfer of
momentum from a Wiener excitation process, and the major inter-
est, as applied to a single dimension of a homogeneous process,
is to determine the probability of a particle exiting a displacement
interval (a, b), that is, of x exiting @ < x < b, where a and b are
absorbing bounds. An absorbing bound is similar to the boundary of
D because entry into this domain (collision/conflict) is considered
to be a failure and negates the possibility of exit from the domain.

This system described by an Ito stochastic differential equation
of the form

dx(t) = Alx(t), t1dt + /B[x(t), t]1dW (¢)

where W (¢) is a Wiener process.

Solving for the probability of leaving the interval as a function of
time is then similar to solving for the probability of an aircraft enter-
ing into D, denoted by P.(¢). This is especially evident when one
bound, for example, b, is considered to be distant and the particle’s
initial position is much closer to a. P, (¢) can then be solved through
application of the backward Fokker—Planck (Kolmogorov) equation
(see Ref. 17). This solution, even in one dimension, is of excessive
complexity. Desilles® provides an example of how this process may
be applied to the two-vehicle conflict avoidance problem.

An interesting aspect of the FPT representation is that it likens the
calculation of conflict risk to the flow of probability space across a
boundary, into a domain of failure, D ;. The risk calculation strategy
presented here is developed from the standpoint of reliability theory,
resulting in a solution that accumulates the amount of probability
flow into D/ (t) over time, thus providing an approximate solution
to this FPT problem formulation.

(@3]

II. Tractable Discrete-Time FPT Problem Solution

FPT calculation complexity stems from the dimensionality of
the risk accumulation problem, state-time correlation, and espe-
cially the conditionality of state distribution on conflict events. It
is shown how to perform the required calculations and then how to
make the calculations tractable is described, thereby avoiding the
need for, for example, Monte Carlo probes of the probability space.
This research is constrained to dealing with a single-vehicle—single-
obstacle problem. Two-vehicle problems may be transformed into a
single-vehicle relative frame, thereby reducing it to a single-vehicle—
single-obstacle problem. '

A. Accumulation of Risk

The accumulation of risk over time is explained with the help
of the discrete representations in Figs. 2 and 3. Figure 2 illustrates
the basic FPT concept of risk accumulation. The state distribution
is propagated forward at discrete-time intervals because analytical
solutions to this procedure do not exist. After every time step, the
intersection between the distribution and the hazard (domain of fail-
ure) is integrated to provide the added risk accumulated over that
time step. The section intersecting with the hazard is cut from the
distribution, and the remaining distribution is propagated to the next
time step, and so forth.

Two interesting aspects of risk accumulation should be noted.

1) The problem may be described as a flow of probability space
into a hazard, over a short-time interval. It is this probability density
flow into the hazard that undergoes volumetric integration at each
time step and is then summed over a finite horizon.
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Fig. 2 Basic two-dimensional risk accumulation, with one-
dimensional initial state distribution.
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Fig. 3 Five-step fx( . 1)(x)|B[0, k] propagation and calculation of P, (k)
(one dimensional).

2) The hazard absorbs the probability space because space that
has already collided (conflicted) with the hazard should not be prop-
agated any further. One way to understand the absorption (refer to
the FPT problem) is to view the state probability density as a cloud
of possible vehicles and to recognize that a vehicle entering the
hazard should be removed from further calculations because it has
already conflicted. This results in a conditional-state distribution
at every time interval, and the implications are that the probabil-
ity space diminishes as time progresses, conflict risk increases with
time exposure to the hazard, and state distribution no longer remains
Gaussian.

The aim is to describe conflict risk accumulated within the dis-
cretized interval t = [ty, tx 1], where tx _ | =1, is the finite horizon
time and 7 =1¢, is considered to be the present, that is, the point
in time when one needs to determine conflict risk within the next
tw =tx _1 — to seconds. Now write the conflict probability similarly
to the FPT probability, that is, the probability of entering the domain

41

of failure by the time r =1, as

P.(k)=P[x(t) € D (1), exactly once in [ty, #]], Vk >0
=P[x(0) € D;(0)]

k i—1
+ Z{P[x(z‘) €D ()| ﬂo () ¢ Dm‘)} [1— PG - 1)]}

i=1

k-1
=P|:x(k)eDf(k)|ﬂx(j)¢Df(j)j|P(.(k—l), Vk >0

j=0

(3

where k=1t to shorten the discrete notation. For the continuous
time case, K — 0o and, therefore, At — 0. The continuous case is
the multidimensional statement of the FPT problem. In Eq. (3), itis
assumed that the vehicle has not conflicted before ¢t =1,.

Solving Eq. (3) in its given form is a complicated task. Equa-
tion (3) may be written in a different form, by recognizing that one
may propagate the probability density function (PDF) of the state
space remaining outside of D/ (#;) throughout [z, #;].

Definition: Here fx,,(x)|B[0, kK — 1] is the time-variant PDF of
the state x(¢) at the discrete time ¢ = f;, conditioned on the fact that
no conflict has occurred while 7 € [#y, t; —1]. The conditionality is
denoted by B[O, k — 1].

At time ¢ = f,, the start of the propagation, and writing k =# for
short, the conditional PDF is equivalent to the marginal PDF

fxo(X) = gao ) + gzo(x) @)

where g4 (x) and g (x) are the segments of the PDF inside and
outside of D £ (0), respectively. Attime r =t + k.At, k discrete time
steps later, the equation becomes

Txaw () IBIO0, k — 1] = gau(x) + gpu(x) (5)

Writing Eq. (3) in terms of Eqgs. (4) and (5), one may express
the accumulated probability of conflict up to the discrete time ¢ = #;
as

P('(k+l):/ gao (x)dx
xeD;(0)
+ / gamy(x)dx[1 — P.(O)] + ---
xeDs(l)
+ f 8at(x) dx[1 — P.(k — 1]
)
+ / gak+1(x)dx[1 — P.(k)]
xeDsk+1)

= P.(k) + / gak+1 () dx[1 — P.(k)] (6)
xeDsk+1)

In this way, it is clear that P.(k) may be determined through an in-
cremental update at each time step from =17, _ to t =1, with
P.(k <0)=0, provided that g,y (x) can be found for 0 <k <
(K —1). Finding ga) (x) entails expressing fx ) (x)|B[0, k —1]
and salvaging the segment of fxu)(x)|B[0, kK — 1] inside D(k),
according to Eqgs. (4) and (5). As such, one needs to focus on calcu-
lating fx ) (x)|B[0, k —1].

At time ¢ =1, one starts with the marginal PDF fx ) (x), then
needs to find fxq)(x)|B[0, 0], and so forth. In general, calcu-
late fxu41)(x)|B[O, k] when fxu) (x)|B[O, k —1] is known and
Fx©0®)|B[0, =1]= fx () (x). To do this, one needs to understand
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how x(k + 1) can be realized from x (k). When application of dis-
crete Euler integration (for simplicity) is assumed, now express
x(k+1) = x(k) + Atx (k)

[/ + AtA()]x (k) 4 [ArB(k)u(k) + ArB(k)w (k)]

= Milx ()] + Rylu(k), w(k)] (M

where M;[x (k)] and R;[u(k), w(k)] are independent quantities.
This independence allows us to apply n-dimensional convolution
to find

Fxe1(x) = fur(m) X fre(r) ®)
In the same way, propagate fxx,(x)|B[0, k — 1] by setting

gB(k)(x)

Fxtsn()[B0, k] = 20—
f;:eDf(k) 8Bk ()

X fri(r)

= 85 (%) X fri(r)
1- fxeDf(k) 8w (X)
= fo (@) X fri(r) ©)
where
201 = — S0 (10)

- fxeD/~(k> 8w (X)

and with P.(—1) =0.In Eq. (9), g (x) represents the segment of
Sfxaw (x)|B[O, k — 1] outside of D (k) and

/ 8Bk (X)
)

normalizes gp)(x) to become a true PDF, in accordance with
Bayes rule. It is essential to realize that only that part of
fxw@)|B[O, k — 1] outside of D ¢ (k) must be propagated because
fxw+1(x)|B[0, k] is by definition conditioned on B[O, k]. No
closed-form representation of the convolution in Eq. (9) is, how-
ever, known, and the computational complexity of a numerical so-
lution is O(N?"), with N being the number of quantizations of each
dimension of the space and n = dim(x).

B. Propagation Procedure

Thus far, assumptions have been made about the nature of the sys-
tem under consideration, such as linearity and time variance. This
is also a one-vehicle—one-obstacle problem (equivalent to a two-
vehicle problem'®), with normally distributed states. Given these
assumptions and accepting that the vehicle has not been in con-
flict before ¢ =1, (or by defining the probability of conflict only
within [7y, #,]), then the developments from Egs. (3-9) are accurate
discrete-time representations.

Figure 3 shows how the discrete-time probability of conflict ac-
cumulated within [#y, #], denoted by P.(k), may be found through
a five-step propagation process. Figure 3 is provided for a one-
dimensional problem to reinforce understanding of the process. No-
tice that the propagation process requires knowledge of P.(k — 1)
to find P.(k). This implies that the five-step process needs to be
applied incrementally for each discrete-time step in [fo, #], starting
at tp. Recall the initial conditions: fx ) (x)|B[0, —1]= fx()(x) and
P.(—1) =0, then at every time step t =t;.

1) Segment gau(x) from fxu (x)|B[0,k—1] by setting
Fra@IBI0,k—11=0¥x ¢ D (k).

2) Use

Pe(k) = Pe(k — 1) +/ 8amw (X)dx[1 — Pc(k — D]

xeDp(k)

to accumulate the probability of conflict.

3) Segment gy from fxu (x)|B[0,k—1] by setting
fxaw ) |B[O0, k —1]=0Vx € Dy (k).
4) Normalize gp ) to create the PDF

8Bk (X)
[1- fxeDf(k) gat ()]
B(k)

5) Propagate fy,,(x) to the next time steg kthrough the n-
dimensional convolution fy ¢ 41, (x)|B[0, k1= £,/ (X) X fri(r).

Now continue the process by utilizing fx 4 1)(x)|B[0, k] at time
t =ty 4 to obtain g,y (x) as in step 1, and so forth. The numerical
complexity of the propagation phase is dominated by the O(N?")
convolution process indicated in step 5 and described by Eq. (9).

This results in intractability for meaningful values of n and N.

B(k) —
fx(k) x) =

C. Sources of Computational Complexity

The numerical complexity of the preceding propagation phase is
dominated by the O(N?") convolution process indicated in step 5
and described by Eq. (9). It also seems like the n-dimensional inte-
gration of Eq. (6) could potentially add additional O(N") complex-
ity to the solution. Fortunately, this integral may be solved through
a gradient search approach of O(nN).}

Resolving fx ) (x)|B[0, k — 1] into gau)(x) and gpq(x), seg-
ments within and without of D/ (k), respectively, adds complexity.
This is because only ff((,f)) (x), derived from gp (x) [see Eq. (9)],
must be propagated forward in time and it is no longer a simple
normal distribution. Hence, analytical solutions to Egs. (6) and (8)
are unknown.

D. Simplifying Assumptions

Existing conflict avoidance systems such as the Traffic Alert
and Collision Avoidance System (TCAS) define a so-called dis-
tance modifier (DMOD). This is a conflict safety bound (distance)'
around an aircraft, which corresponds to a radius of conflict.

Itis in the spirit of TCAS, its well-established track record, and its
wide acceptance as a standard for comparison®>1%2° that a similar
safety bound or DMOD is chosen to surround a vehicle. It will
be shown that this tried and tested bound may in fact be shaped
into a useful order reductive metric. In addition, the research also
generalizes the metric to ellipsoid shapes around the vehicle, by
defining it as a quadratic function of the vehicle’s state described by

R = V/xTBx (11)

where B is constrained to be a real, symmetric positive definite
matrix.

The square of the R metric is more useful because the square root
operator in Eq. (11) spawns considerable numerical and analytical
complexity when calculating PDFs. The metric, therefore, becomes

y = R*=xTBx (12)

For typical spherical buffers around vehicles where position is a
simple state, B only retains sparse unitary diagonal entries.

E. Mathematical Reduction

Now reduce the required convolution order of the n-dimensional
state distribution by applying the one-dimensional metric. The con-
flict safety bound [the boundary of D /()] of an aircraft must be
expressed in the form of Eq. (12) to apply the algorithms developed
herein.

Define y as the conflict threshold (often the square of the DMOD)
or the boundary of Dy, that is, if

y <V (13)
then conflict has occurred. Equation (13) now becomes the order re-

ductive conflict metric of interest. The aim is to determine the proba-
bility of satisfying this inequality within [fy, #], which is equivalent



to evaluating the probability of conflict, P.(k). The full-state repre-
sentation of Eq. (7) may be replaced by the single-state equivalent,

yk+1) = yk) + Aty (k)
=y k) + Ay (k) (14)

where Aty (k) will be referred to as Ay (k) to avoid complicated
notation. In addition, it will be shown that Ay (k) can also be con-
veniently expressed as a quadratic form of x.

Recognize, from elementary probability theory, that the cumula-
tive distribution function of y (k + 1) is described by F f((frll)) y)=
P[I'(k+ 1) < y]|BIO, k]. In this way, the marginal PDF of y (k + 1)
may be described exactly by

d +o00 y—y .
frasn@IBIO.K = o [ ) [ B s #1460

(15)
where

d2
B(k) 0\ — B(k) y
Fraw.arw ¥ AY) = dydA;}Fr(k%AW(y’ Ay)  (16)

is the joint PDF of y and Ay at t =1t,, given that no conflict has
occurred within [7y, #;]. Also, ¥ and ¢ are variables of integration.

F. Simplifying Approximations

The reductive conflict metric results in Eqs. (14-16), which are
usually simpler to manipulate than their n-dimensional counterparts.
There are, however, two issues not to be avoided without approxi-
mation

1) The double integral of Eq. (15) needs to be approximated
with computational complexity of O(N*), unless y and Ay are
independent, in which case complexity of O[N log(N)] results.

2) No analytical solution is known to the joint PDF in Eq. (16).
Numerical approximation would be of O(N?'*2) complexity be-
cause one would need to revert back to the full-state representation
and, for example, employ a Monte Carlo method.

Approximation will need to fulfill at least two primary require-
ments.

1) The calculation-order complexity of Egs. (15) and (16) needs
to be reduced significantly.

2) Approximation errors need to be characterized to a sensible
extent. All sign-indefinite errors must be calculated and sign-definite
errors must at least be clamped between upper and lower bounds,
with an emphasis on the calculation of the upper bound. Upper
bounds on, for example, P. estimates lead to a more conservative
and usually safer alerting approach for autonomous vehicles.

It is clear that the major issue of complexity is the calculation of
Eq. (16). Recall that Eq. (3) provides the discrete representation of
P.(k) = P.(t;). The aim is to perform an accurate upper-bounded
calculation that would provide an equivalent expression to Eq. (16),
but of considerably reduced complexity. To this effect, and in ac-

cordance with other FPT application texts,?' =23 approximate
P.(k)=P[x(t) € Ds(t), exactly once in [ty, #;]], Vk >0

= P[x(0) € D;(0)]
k i—1

+Z{P[x(i> €D [ )x0) ¢Df(j)}[1 —Peli— 1)1}
i=1 j=0

~ P[x(0) e D;(0)]

k
+Z{P[x(i) eDD)x(@ -1 ¢Ds@ —1)]

i=1
x[1—=P(@—DI}

= P[x(t) € Dy(t), at least once in [to, #]], Vk>0 (17)

43

This provides an upper-bound approximation to P.(k) because

P[x(t) € Dy(2), at least once in [#y, #;]]

> P[x(t) € D (1), exactly once in [ty, #;]] (18)

The approximation of Eq. (17) allows us to employ unconditional
means to calculate Eq. (16), such that

u(y — ?)fr(k),m"(k)(% Ay)
+ Y . .
1- f,:: foy fraw.arw (Vs Ay)dy dAy

Froy ara, s AV = (19)

where u(y — y) is a unit step function and fr) aru) (¥, Ay) is the
joint PDF of y and Ay at ¢t =#, unconditional to conflict activity
within [#y, #;]. The denominator is simply a scalar normalization
according to Bayes rule.

The final approximation reduces the complexity of Eq. (15): As-
sume that y and Ay are independent within any one time step
[, tx +1]. The validity of this assumption is proven in Ref. 24,
and errors resulting from it may be corrected to first order—second
moment.®?* It is essential to note that this is very different from
assuming that y and y are independent within the entire [#, tx —1].

After the assumptions are combined and Leibniz’s rule (see
Ref. 25) is applied, rewrite Eq. (15) as

Sra+nWIBIO, k] ~ fra+1n(¥)IBlk, k]
= FE0 ) X farw(AY)  (20)
where

u(y —v) fran )

7 2n
1= [ frao(y)dy

B(k
fr((k))()/) =

and fru)(y) and fapq (Ay) are the marginal PDFs of y and Ay,
respectively, without conditioning on conflict events. The marginal
PDFs may be found through mean and covariance propagation
within a suitable state estimation filter, for example, an unscented
Kalman filter. The usual Bayesian normalization factor is again
present in the denominator.

It is Eq. (20), a one-dimensional convolution, combined with the
ability to operate on the unconditional marginal PDFs of y and Ay
to find P.(k), that makes the solution to this problem tractable. It
is shown in Sec. IL.F.1 that the required marginal PDFs may be
calculated for a quadratic representation of normally distributed
state variables.

Figure 4 shows how to go about solving for P, (k) at each time step
t =1,.. Figure 4 may be contrasted to the exact full-state calculation
in Fig. 3.

When it is assumed that the unconditional marginal PDFs of y
and Ay are known, the process of finding P.(k) and propagating
Sfra+1(¥)|Blk, k] may be divided into the following steps.

1) Find gaw)(y), the segment of fru)(y)|Blk—1,k—1] for
which y <y.

2) Make use of

7
Pe(k) = Pe(k — 1) +/ Zaw () dx[1 — Pe(k — 1]
0

to accumulate the probability of conflict.

3) Apply Eq. (21) to find flf;(,f))(y). Note that this step does not
rely on steps 1 and 2.

4) Apply Eq. (20) to propagate fig, () into fr 1 (y)|BIk, k1.

Now continue by returning to step 1 for calculation of P.(k + 1)
and so forth.

A clear segmentation between the outlined steps is evident. This is
because Eq. (17) allows us to express Egs. (18) and (21) as functions
of unconditional marginal PDFs that are independent of the condi-
tional operations at the previous time ¢ = #. _ ;. The conditional PDF,
Sfra+1(Y)|BIk, k], in step 4 is created by assuming independence
between y and Ay within only one time step.
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fl"(k)(y)|3[k_l’k_1]

A(k) B(k) .
SR DR Yoo
/D, (). D, (k)
& (7) ,//
Ak, « B(k) u(7=7) e (7)
b ¥ N T (V)=——
D, (k) D, (k) 1= [ S ()dr
\ 0
2| .
0 \‘\\ 3
P(k)=P.(k=1)+ [g, (1) dr[1-P(k-1)]
0 \

-

Frtoon (P BIK]= 729 (1) % s (87) ] 4

Sy (7)B[k’k]‘
A(’”‘/\
A B(k+1)
e

I
D, (k+1)

Assume /., (7) and fir) (A7)
known over [,O, th]

D, (k+1)

Fig. 4 Four-step fru.1)(7)|Blk,k] propagation and calculation of
P.(k).

An alternate view of the apparent segmentation is that the in-
dependence assumption is only employed over the course of one
time step and only to determine the amount of flow of probabil-
ity into D f (k). The seemingly simpler route of assuming indepen-
dence within the entire interval [y, #,] and using it to propagate
fr+1n(¥)|BIO, k] through the resulting simple one-dimensional
convolution, is folly because convolution then always leads to an
increase in the variance of the PDF. In reality, the variance of a
quadratic metric should reduce drastically when its mean approaches
y because its chi-square distribution narrows when it nears the
origin.

1. Methods of Solution

The focus now becomes finding a solution to frq)(y) and
farw (Ay) within [z, #,]. This paper only details how to solve for
fra(y) and eventually proves that fap ) (Ay) may be solved in a
similar way.

The PDF of a general quadratic form of normally distributed
random variables needs to be approximated. A number of special
cases do exist, but are not discussed here.?* Methods of approxima-
tion include series expansion, numerical Fourier inversion, Monte
Carlo, and particle-based filtering simulations and approximations
based on moment matching techniques. Moment matching through
processes such as Cornish—Fisher, Gram—Charlier and Edgeworth
expansion (see Refs. 26 and 27) do not provide accurate results when
tails of PDFs are of value and provide little or no guarantee on rates of
convergence relative to the number of cumulants matched.? In this
case, Monte Carlo techniques are computationally expensive when
exploring high-dimensional probability spaces, again, because of
the high accuracy required when representing the tails of estimated
PDFs, as with most problems in risk and reliability theory. It is partly
for this reason that Yang® also performs a dimensional reduction to
vehicle heading, before attempting Monte Carlo simulation.

Fourier inversion emerges as the salient choice because it turns out
that the inversion process can be greatly simplified for the quadratic
conflict metric. When applying Fourier inversion, one would first
need to solve for the marginal characteristic function of y given by
+00

e’ fr(y)dy (22)

¢r(k)(7-') = E[e‘/w] = /

—00

JONES

and then solve for the Fourier inversion integral (FII)

1 (" .
froW) = T .[m dre (e’ dr (23)

2. Characteristic Function

The next few paragraphs show that a closed-form solution to
¢ (7) does exist in an analytical form, when dealing with the pro-
posed quadratic metric. First transform y into an appropriate form
using the substitution y = (x — my), where my is the vector mean
representation of x. In this way,

y = xT Bx

m)T(BmX + 2m)T(By +yTBy

=0+ Aly+ 1y My 24)
When solving the generalized eigenvalue problem such that
cC' =%y, C"MC=A (25)

where A =diag(Ay, ..., A,), substitute y=Cz and § =CT A into

Eq. (24) such that

1
y=0+8Tz+ EzTAz

- 1
=0 =+ Z <8,'Z,' =+ E)\"le>

i=1
where z=1(z,...,z,)T is a standard normal vector and §=
(81, ...,8,)T € R". Now reshape ¢, (t) into

(26)

E[e.ifi/]

J.

ejf®E[ejf(y 79)]

dray(t)
+00

e’ fray(y) dy

@n

and recognize that E[e/™" =9 ] = ¢, (), where ¢ 2(7) is the char-
acteristic function of a noncentral chi-square (x %) variate in z, where
z is in standard normal form. Here ¢,2(7) is known analytically?®
and when substituted into Eq. (27) ¢ry)(t) becomes

] (28)

an analytical form to be substituted into Eq. (23), requiring no nu-
merical approximation. The computational complexity of function
evaluations in Eq. (28) is O(nN) and that of the eigenvalue decom-
position [Eq. (25)] is in general O(n*). The latter may be reduced
to O(n?).

1922

2710
= jrit)

- 1
dray(t) =exp (jT0) | | - CXP[
e «/1 —_])\.,"L'

3. FII

Various options exist when attempting to solve the inverse Fourier
integral [Eq. (23)] using the characteristic function in Eq. (28).
The most accepted method amounts to using fast Fourier trans-
form (FFT) algorithms to reduce computational cost from O(N?)
to O[N log,(N)]. As is the usual practice in engineering,”® define
the Fourier transform (FT) as

+00
F:f(x)— Fu) = / e~ £ (x) dx (29)
Substituting # = —t /2 into Eq. (29) results in
F(u) = ¢re(—2mu) (30)



Now attempt to find f(x)= fru (y) by inverse FT (IFT), which
is clearly equivalent to applying Eq. (23), the FII. All numerical
solutions to IFT are approximate, unless f(x) is continuous in x,
periodic with period T', and band limited to frequencies |u| < N /2T,
where the integer N represents the number of discrete samples. One
does not expect f (x) to be periodic because, by definition,

+00
/ fx)dx =1

o0

Hughett® shows that FFT approximation of f(x) may now be
accomplished by first splitting it into f (x) = f.(x) + C, where f.(x)
is absolutely integrable and C is a constant. This split is done to avoid
singularity problems when applying the FT.

Proakis and Manolakis*® show how solution of the Fourier series
through

L j2mkx
HOEHOENY G[k]exp(' - > (31)

k=—N/2

where G [k] is defined by

FO)/T +C,  fork=0
Gkl = { Ft/T))T,  for0 <[kl < N/2
0 for |k| = N/2 32)

provides an effective and accurate numerical approximation of f(x).
Notice that Eq. (31) is usually defined as the inverse discrete FT and
that it may be solved using the Radix-2 inverse FFT (IFFT) algo-
rithm, as long as N can be written in the form N =2 where E is a
positive integer. IFFTs are accomplished with at most N /2 log,(N)
multiplications and N log,(N) additions, thereby reducing compu-
tational complexity to O[N log,(N)].

4. Concerning Ay

Earlier sections have shown that fr,(y) can be calculated within
[to, ;] because y can be converted into the required quadratic form.
It turns out that Ay (k) can also be expressed in this quadratic form
as shown in the following derivation, where B is symmetric:

y = xTBx

Ay = AtiTBx + AtxT Bi

2AtxT ATBx + 2Atu" (k)BT Bx + 2Atw” (k)BI Bx
~ xTNx + Sx (33)

with N =2AtATB and S =2At¢u” (k)BI B +wT (k)BT B), and
where At is the time step, such that At =#. .| — t;.

Equation (33) would be in a quadratic form similar to Egs. (12)
and (26), but for the term 2Arw” (k) B Bx, which contains the
random variable w(k), white noise. This single term would make
the dimensional and computational reduction discussed so far in-
tractable again, unless one imposes the constraint that BT B = [0].
This constraint simply implies that no states that form part of the
calculation of y may be under direct noise excitation. Jones** shows
how this constraint usually holds for Newtonian systems and may
be ensured for other systems. One may, therefore, find fary) (Ay)
at any point #; within the interval [#y, tx _ ] from the PDF of x cal-
culated through mean and covariance propagation within an optimal
estimator. This is done in the same way as outlined for fry(y) in
the preceding sections.

Last, Sec. Il.D requires that Ay be written exactly in the complete
square form described by Eq. (12) when calculating the covariance
between y and Ay in Eq. (40). It is not immediately obvious that
one may always write Ay as a complete square. It can, however,
be shown that Ay may be written in the complete square quadratic
form whenever the only nonzero elements in B are on its diagonal
and all of the derivatives of states operated on by nonzero entries in
B are themselves inside the state vector.?*
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5. Concerning Convolution

Even though Eq. (20) only requires one-dimensional convolu-
tion, this still results in O(N?) computational complexity. Convolu-
tion can, however, be accomplished by computing the characteristic
functions of each of y (k) and Ay (k) and multiplying these (not con-
volving) before applying the FIL? Earlier ¢ 5, () is determined
analytically by Eq (28) and would require no additional computa-
tion; however, fr(k)()’) needs to be calculated within [#y, tx — ] by
applying Eq. (21) at each time step It can be shown that ¢& (k)(r)
[the characteristic function of fr(k>(V)] may be determined in a
similar way to that described when computing fr) (y), but with an
FFT algorithm.” The numerical complexity, thus, again reduces to
OIN log, (N)].

III. Calculation Issues and Errors

One may differentiate among two types of significant errors when
calculating P, (k). The first is approximation error, in which simpli-
fying assumptions lead us to calculate an approximate FPT solution.
The second induced error is that of numerical calculation,?* in which
one solves for the approximate solution to a specific accuracy. Only
approximation error is discussed because it is specifically related
to the proposed solution algorithm. A number of additional and
relatively insignificant error sources are discussed elsewhere.?*

Approximation error may be further subdivided into two major
attributing factors: first, finding an upper-bound approximation to
P.(k) [Eq. (18)] and second, assuming a measure of independence
between y (k) and Ay (k) when performing the necessary calcu-
lations [Eq. (20)], so the upper bound is itself calculated with an
amount of error. One calculates a signed calculation error because
of the independence assumption, to narrow the envelope of error
and more closely approximate the true value of P.(k).

A. Upper-Bound Probability Error
In Sec. ILF, why the calculated P.(k) is an upper bound, that
is, P.(k)= P;‘b (k), to the true value denoted by P™°(k), with ub
signifying upper bound is described. It is infeasible to attempt to
solve directly for the amount of error between the calculation and
the true value because the true value would need to be derived from
an intractable calculation. Define the error as
P™ (k) = P (k) —

P:rue(k) = P.(k) — P;me(k) (34

with ube signifying the upper bound error. Define a lower bound to
P™<(k), denoted by P (k) < P™(k). Now use the lower bound
to rewrite Eq. (34) as

P™ (k) < P.(k) — PP (k) (35)

A feasible lower bound would allow us to clamp the true proba-
bility of conflict between two calculable limits. One such intuitive
and simple lower bound often used in estimation theory and also
employed by Prandini et al.*° to calculate probability of conflict is
given by

2
PP (k) = max/ fro ) dy, 0<¢<k (36)
0

This calculates the largest probability of state space intersecting with
D (t) within a period of time. Various texts,*!3? especially in the
field of satellite conflict avoidance, exist where Eq. (36) is used to
approximate P (k). This is, however, a dangerous course of action
for general aeronautical applications because there is no guarantee
on the lower bound’s error, potentially compromising on safety.
Equation (36) is so simple, however, that it only adds complexity of
O(nN) to the calculations performed at each time step. That being
said, the equation makes for a useful lower bound, rather than an
estimate of P (k).
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B. Calculation Error

Independence between y and Ay is equivalent to a combination
of two assumptions.

1) Itis assumed that fB(A) (AY) = farq (Ay), thereby implying

I'(k)
that the segmentation of probability space inside and outside of

D (t) and the subsequent creation of fF(k)) (y) has no effect on the
conditional distribution of Ay.

2) Convolution may be employed to express

FraenIBLk K] = f58) () X farw(AV)IBI0.k — 11 (37)
where Eq. (15) is the combination of items 1 and 2.

The two enumerations will be referred to as assumptions 1 and 2,
respectively. Before continuing, one needs to acquire a number of
mathematical tools describing the relationship between y and Ay
to characterize error.

Describe the expected value of a quadratic form x7 Bx of the
multivariate normally distributed random vector x as

E(x"Bx) = tr(BZ,) + u' B, (38)

where ¥, and u, are the covariance matrix and mean vector of x
respectively. The variance becomes
0%, =var(x" Bx) =2tr(BX,BX,) +4ul BE. By, (39)

and the covariance between two quadratic forms y, =x"Bx and
y2 =xT Px can be described by

00,10y = cov(x” Bx, x" Px) = 2t/(BX, PZ,) +4u’ BE, P,
(40)
From these equations, construct the mean vector of the joint density
for h =[y1, y2]" as

E[h] = [m,,, m,,]" 410

and the covariance matrix

o? POy O
Eh — [ Y1 Y1 yz:| (42)

2
POy, Oy, oy,

The next step is to be able to describe the orthogonal principal
axes of the symmetric matrix ;. This is done through eigenvector
decomposition, and after some algebra the slope of the principal
axis with the same sign as p is given by

[ 0 —|—U +( — 20202 —|—a +4p

Ji 2 }1 )’2)5] (43)

2pay, oy,

m =

such that the correlation line y; =my, + c is created. If y =y, and
Ay = y,, then Fig. 5 provides additional clarity with a contour plot
of the joint density function f or(y, Ay). Next describe the first-
order—second-moment (FOSM) change in fry)(Ay) because of

Jrar (7:47)

—my)

Fig. 5 Contours of fI‘,I“ (v, ) with correlation line.

an FOSM change in fr,(y). This is the characterization of error
because of assumption 1.

Here, fru(y) and fapq, (Ay) comprise well-behaved summed
and scaled versions of noncentral chi-square distributions. The max-
imum allowable P.(k) within [#, t;], denoted by P, , is a very
small number (typically P, < 0.05). Furthermore, make the rea-
sonable assumption to take action along any flight path such that
P.(k) < P,,,, always holds. With use of these assumptlons calcu-
late the expected influence on the mean and variance of f (Ay)
because of adjustments to fr} ))(y) such as the removal otr AP (k)
probability space to form fr(k) (y). When

v
AP(.(k):f fraw(y)dy (44)
0

is defined, then, as before, the PDF of y is split into
friw) = gaw(v) + gowy (¥)
= AP A ) + 11— AP.OIES () @45)

Here the mean and variance of, for example, frA ® (y) are denoted
by m s and o3 « respectively. Now focus on the expected value of
y after the removal of probability space within D f (k), that is, given
that y > y. This is expressed as

Elyll(y > y) = mpw = Ely (k)] + AE[y (k)] (46)

where AE[y (k)] is the change in the mean of y after the cut. Notice
that mp, > E[y (k)] and, therefore, AE[y (k)] > 0.
Equation (46) can be rewritten as

AE[y (k)] = maq) — Ely (k)]
= {AP.(K)/[1 — AP(O)IEly ()] — magy }

= {AP.(k)/[1 = AP.(R)IH(mrw — maw) = Amrg,
(47)

with m 4, = E[y]1(0 <y <y). Thus, if the mean of y changes by
AE[y (k)], then one may employ Eq. (43) to show that the mean
of Ay changes by (1/m)AE[y(k)]. With E[Ay B‘] =E[Ay ]+
AE[Ay;], then express

Amm’“(k) = AE[Ay (k)]

2p0r0p

[T

[-os +oi +(oFs — 207

]

(mF(k) - mA(k)) (48)

2 4 2,52 2)
o, tor+4poroy.

AP.(K)
“TZAP(K)

The change in variance (Aaﬁ(k)) may described in a similar way
such that

2 _ 2 2
A‘71“<1<) =0gw) ~ Orp

AP('(k)mr(k)

I AP(k) 'T®

— 1 2
T1-APG |TTw

2
m — AP (k)m s 2
* [ 1= AP.(K) "

_ AP.(k) o2 _ mMr@gy — MAk)
1—AP.(k) ]| AW 1—AP.(k)

2
m — AP (k)m s
T e I

M A (k)

1— AP.(k)



The change in the variance of y is given by
Aoy = (1/m)*Aciy, (50)

Equations (48) and (50) are representations of the changes in mean
and variance of Ay, given the first-order approximation that the
mapping of the first two moments from y to Ay may be accom-
plished through the correlation line with slope m2. This approxima-
tion is only feasible for small values of A P, (k) associated with small
time steps of calculation Az.

Next we return to assumption 2 and form the combined FOSM
error estimates because of assumptions 1 and 2. Recall that the as-
sumption 2 error is induced by determining the probability density of

yk+1) =yk) + Ay (k) (61

through convolution of the conditional marginal PDF of y (k) and
the unconditional marginal PDF Ay (k) instead of operating on the
joint density. Elementary statistics dictate that the true mean and
variance of y (k + 1) be described by

true _ true true
M1y = Mray + Mapg (52)
2-true __ _2-true 2-true __ true _true
Ora+1 = Oty T+ Oxpqy — 2P K)0Ta 05y (53)

respectively. The convolution process maintains Eq. (52), so that the
only error in the mean results from assumption 1. Therefore, the error
on mr 1) accumulated within the single time step [#, f; 4] can
be written as Vimr 4 1) = Am ), Which is the direct application
of Eq. (47) such that

ub FOSM
My g1y ~ Mpgty

calculated

= mrgy1y, T Ve (54

The induced variance error over the same time step is described in
a similar way, becoming

VC’FZ(H b= AJZF(k) —2p(k)oru) (UAf(k) + AUAF(k)) (55)

with the first term originating from Eq. (50). The second term, in
keeping with FOSM approximation, is provided by Eq. (40) because
of assumption 2. In this case,

2.ub ., _2-FOSM
Ork+1) ~ OTk +1)

2 - calculated 2
=g+ T VOrgin (56)

In the spirit of FOSM analysis, an FOSM matching may be
performed between fi | (¥)|BIk, k1~ fE%M ()| Blk, k] and
_lf‘écil*;‘f"(y)|3 [k, k] to provide a more accurate calculation of
Tt (VIBIk, k]. Jones* derives a very simple implementation
of this FOSM correction, with minimal impact on the solution al-
gorithm for P, (k), as an equivalent adjustment to the DMOD (y) at

each time step, to become

2 - calculated 2
O T Vorasn
Y — Vimrg (57

)/Adj = o.calculated
I'k+1)

Note that such a FOSM corrected calculation may be always
be utilized as a corrected measure of P, (k), but then higher-order
moments need to be determined if one is interested in characterizing
the remaining error.

IV. Example Application

A. Vehicle Description

The New Generation Mini-II (NGM-II)* is an autonomous UAV
developed by the Massachusetts Institute of Technology (MIT) un-
der the MIT/Draper Technology Development Partnership Program.
The vehicle is operated at medium and low altitudes where obstacles
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such as trees (or tree trunks), buildings, communication towers and
the like are abundant.

The NGM-II is an 8-kg, fixed-wing, single-engine aircraft with a
pusher configuration, a wing span of approximately 2 m and length
of 1.5 m. Its dynamics may be likened to a large sport or aerobatic
model remote control aircraft.

A simplified two-dimensional, linear time-invariant, closed-loop
dynamic model of the aircraft, under free-flight conditions, was cre-
ated with the assistance of the main architect of its control system.>*

The conflict scenario simulates the NGM-II flying past a station-
ary, tree trunk-sized hazard in close proximity, while commanded
to hold a straight-line trajectory with a forward airspeed of 20 m/s,
in a wind-free environment. The proximity with which it passes
the obstacle is representative of the maximum acceptable conflict
risk allowed for this vehicle, chosen to be P =0.05. The result-
ing P.(t,) will, therefore, be representative of a level of risk when
conflict avoidance action will typically be taken.

A mean (hazard) passage time (MPT) is provided, and is denoted
by fvpr. The MPT indicates when a vehicle passed the center of the
domain of failure. More, precisely, for the straight-line flight paths
here, fypr is the only time when the mean of I is zero, that is, it is
changing sign. In this instance, fypr = 1.09 s.

B. Simulation Results

Figure 6 shows the results of accumulation of risk within a time
window t =[ty, t,], where #, <t <t, <t,, within a certain finite
horizon time window. The four distinct curves in Fig. 6 are related
to each other as follows.

The solid line represents a close approximation of the true prob-
ability of conflict [P{™(¢)] up to time ¢ =1,, obtained from a high-
fidelity Monte Carlo simulation with negligible [1% of P (¢)] error.
This is denoted by P™°(¢). The algorithms for calculation of con-
flict risk, developed herein, are represented by curves of P.(¢) and
PFOSM(1). A lower bound probability of conflict, P*(z,), is deter-
mined, as described by Eq. (36).

Figure 6 shows how P.(r) and PFOM(¢) are accumulated over
a shorttime window, as the vehicle passes the hazard, again em-
phasizing the similarities between conflict probability and the FPT
problem discussed in Sec. I.C. Figure 6 shows the upper-bounded
nature of P.(t,) because it is larger than P™(z,) and also shows
the lower-bounded nature of P(l,h (t), which is clearly smaller than
PMe(1).

PFOSM (1) is within 8% of P'™°(z,), and P.(t) is within 6% of
P™(ty). The seemingly more accurate P, (t) is not evidence of fail-
ure of the FOSM error correction method. P, (¢) is an approximation
of the upper bound of the probability of conflict, denoted by P*(r),
and PL.FOSM(th) is a more exact approximate of this P (¢). It is
circumstantial that P, (#;) < PFOSM(z,), and it can be shown that the
opposite inequality holds under different simulation conditions.?*

0.05 . ’ ; ’ ; ’
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E™N@ ) e
0035} g
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Fig. 6 Risk accumulation for NGM-II flying past a hazard.
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Table 1 Respective computation times for #; =1.1's

Legend Calculation method Computation time, s
P.(1) Non-FOSM corrected risk?* 4

PFOSM (1) FOSM corrected risk?* 5

PMe(r) Pure Monte Carlo 6450

P}b (1) Lower bound to risk?" 0.2

The independence assumption labeled assumption 1 in Sec. IL.F.
accounts for the approximately 2% difference between PFOSM(z,)
and P.(ty,).

PLI,;’ (1) is of special interest in Fig. 6 because it is approximately
15% smaller than P™(t,). Using the lower bound alone to obtain an
estimate of P™(#,) would be much simpler to accomplish than the
algorithm presented to find P, (#;). The danger involved in trusting
a lower bound of conflict risk would, however, make this a poten-
tially catastrophic venture. ij(th) and P.(t,) do, however, bound
P (ty).

Note that P (#,) quickly becomes a progressively worse measure
of P!™¢(t;), the more time is spent in the vicinity of D ;. One such
example is when attempting to orbit a circular D at a constant ra-
dius. PL],b (¢) will not grow as time progresses, whereas both P™°(z;,)
and P, (t;) would increase.

The 1.1-s simulation was run in MATLAB® 6.1, on a 1-GHz
Pentium 3-equivalent desktop computer running Windows NT 4.0.
Table 1 lists the computation times for each trace in Fig. 6.
Quadratic-space risk accumulation was accomplished at fixed 5-ms
time steps.

Jones? details three additional simulation examples showing sim-
ilar results, including a generic large commercial transport engaged
in head-on and fly-by conflicts.

V. Conclusions

Quadratic-order reductive conflict metrics are applied and provide
a tractable and approximate solution to the general and intractable
FPT problem of multidimensional conflict risk calculation within a
finite time horizon. A tractable real-time algorithm is developed for
the calculation of an accurate upper bound to conflict risk, as a func-
tion of time, along a deterministic flight trajectory. Such a proven
upper bound is essential when designing safe systems. Calculation
and approximation errors resulting from application of the algorithm
are characterized and quantified. Simulations verify the accuracy of
the conflict risk algorithm and the derived primary calculation error
components.
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